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The relative center-of-mass energy spread σW /W at e
+e− colliders is O(10−3), which is much
larger than the widths of narrow resonances produced in the s-channel in e+e− collisions. This
circumstance greatly lowers the resonance production rates of J/ψ , ψ(2S), Υ (1S), Υ (2S), Υ (3S) and
makes it extremely difficult to observe resonance production of the Higgs boson. Thus, a significant
reduction of the center-of-mass energy spread would open up great opportunities in the search for
new physics in rare decays of narrow resonances, the search for new narrow states with small Γe+e− ,
the study of true muonium and tauonium, etc. The existing monochromatization scheme is only
suitable for head-on collisions, while e+e− colliders with crossing angles (the so-called Crab Waist
collision scheme) can provide significantly higher luminosity due to reduced collision effects. In this
paper, we propose a new monochromatization method for colliders with a large crossing angle. The
contribution of the beam energy spread to the spread of the center-of-mass energy is canceled by
introducing an appropriate energy–angle correlation at the interaction point; σW /W ∼ (3–5)×10
−6
appears possible. Limitations of the proposed method are also considered.
PACS numbers: 29.20
The point-like nature of the electron and a narrow en-
ergy spread are important advantages of e+e− colliders.
The energy spread occurs due to synchrotron radiation
(SR) in rings, as well as beamstrahlung at the IP (im-
portant for Z and H factories). The energy spread due
to SR mainly depends on the beam energy E0 and mag-
netic radius of the ring R and only weakly on the specific
design of the collider. For uniform rings without damp-
ing wigglers σE/E ≈ 0.86 × 10−3E[GeV]/
√
R[m]. The
energy spreads for some of the past, existing and planed
e+e− rings are given in Table I.
TABLE I. Beam energy at circular e+e− colliders
VEPP-2000 BEPC-II Sup-KEKB FCC-ee
E0, GeV 1 ∼ 2 4-7 62.5
2piR, km 0.024 0.24 3 100
σE/E, 10
−3 ∼ 0.6 ∼ 0.5 0.7 0.6 (w/o BS)
One can see that the energy spread σE/E ∼ (0.5–
0.7)×10−3, and the corresponding invariant mass spread
σW /W=(1/
√
2)σE/E ∼ (0.35–0.5)×10−3. This collision
mass spread is much larger than the widths of narrow
e+e− resonances J/ψ , ψ(2S), Υ (1S), Υ (2S), Υ (3S) and
the Higgs boson, see Table II. The resonance width Γ is
the width at the half of maximum, so one should compare
Γ/m and 2.36 σW /W ≈ (0.8–1.2)×10−3.
TABLE II. Width of some narrow e+e− resonances
J/ψ ψ(2S) Υ (1S) Υ (2S) Υ (3S) H(125)
m, GeV/c2 3.097 3.686 9.460 10.023 10.355 125
Γ, keV 93 300 54 32 20.3 4200
Γ/m, 10−5 3 8 5.7 0.32 0.2 3.4
One of the promising direction for particle physics is
the study of rare ”forbidden” processes sensitive to new
physics. J/ψ and Υ factories with narrow invariant mass
spread would be good candidates for such facilities. If one
manages to decrease σW by a factor of n (and if σW is
still larger than the width of the resonance), the produc-
tion rate of narrow resonances for the same luminosity
would increase by the same factor n, while the rate of
continuum-background processes would not change. In
the case of a large continuum background, the signal-to-
noise ratio S/
√
B ∝ (Lt/σW )/
√
Lt =
√
Lt/σW ), there-
fore the integrated luminosity required to observe a rare
decay of a known resonance (or to observe a narrow reso-
nance with a very small Γe+e−) Lt ∝ (1/σW )2 ∝ n2. For
Υ (3S), monochromatization of the center-of-mass energy
such that is spread becomes less than the resonance width
would be equivalent to a luminosity increase by a fac-
tor of (400)2=160,000! In the absence of a background,
monochromatization lowers the observational branching
limit proportionally to σW .
The first considerations of e+e− collision monochrom-
atization date back to mid-1970s [1]. In the proposed
scheme, Fig. 1, beams collide head-on and have horizon-
tal or vertical energy dispersion at the IP, opposite for
e+ and e− beam. As a result, the particles collide with
opposite energy deviations E0 +∆E and E0 −∆E, and
their invariant mass W ≈ 2√E1E2 ≈ 2E0− (∆E)2/E0 is
very close to 2E0. This monochromatization scheme was
E+dE
E
E+dEE−dE
E−dE
E
FIG. 1. Existing monochromatization scheme for head-on col-
lisions [1].
2considered by many authors in 1980s-1990s [2–8] for c-τ
and B-factory projects (for J/Ψ and Υ resonances) but
since the luminosity (which was most important for many
physics tasks) significantly decreased in all schemes, these
ideas were not implemented. A new wave of interest to
this topic is connected with FCC-ee and CEPC projects,
where one can try to observe the e+e− → H process with
tiny cross section. This goal can only be achieved only
with σW <∼ ΓH [9, 10].
The new generation of e+e− ring colliders (DaΦNE[11],
Super-KEKB[13], c-τ [14], FCC-ee[15], CEPC[16]) use
the so called ”crab-waist” scheme of beam collisions.
In this scheme [11, 12], the beams collide at an angle
θc ≫ σx/σz . It allows for higher luminosity when it
is limited only by the tune shift, characterized by the
beam-beam strength parameter ξy. For the same beam
current the maximum luminosity for head-on collisions
L ∝ 1/σz, where σz is the bunch length, while for colli-
sions at the angle θc the luminosity L ∝ 1/βy, where the
vertical beta-function βy ∼ σx/θc can be ∼20–30 times
less than σz , as a result the luminosity can be higher by
the same factor. The crossing angle θc in existing designs
varies between 30 mrad (FCC-ee) and 83 mrad (Super-
KEKB). In what follows, we will adopt this scheme but
significantly modified to obtain monochromatization.
Consider first the mass resolution in the standard colli-
sion scheme with the crossing angle, Fig 2. The invariant
mass of the produced system (c = 1)
θ θ1 2
E E1 2
FIG. 2. Collisions with crossing angles.
W 2 = (P1 + P2)
2 = 2m2 + 2(E1E2 − ~p1~p2) ≈
≈ 2E1E2(1 + cos(θ1 + θ2)). (1)
Here we have neglected the terms of the relative orders
ofm2/E2. The contribution of the vertical beam angular
spread is negligible in all practical cases.
Differentiating this formula and assuming that ener-
gies and angles are independent we find the relative mass
spread of the collider for equal average energies and an-
gles θ1 = θ2 = θc/2
(σW
W
)2
=
1
2
(σE
E
)2
+
1
2
sin2 θc
(1 + cos θc)2
σ2θ , (2)
where σE is the beam energy spread and σθ is the beam
angular spread at the interaction point (IP) which is de-
termined by the horizontal beam emittance εx and beta
function β∗x at the IP: σθ =
√
εx/β∗x and θc = 〈θ1+θ2〉 is
the beam crossing angle. For head-on collisions the mass
resolution is determined by the beam energy spread, the
contribution of the second term is negligible. The beam
energy spread also makes a dominant contribution in the
aforementioned colliders with the crab-waist scheme as
well.
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FIG. 3. Collisions with the energy-angle correlation.
The new idea of monochromatization is based on the
fact that the invariant mass depends on both the particle
energies and their angles. The second term of Eq. 2 con-
nected with the natural stochastic beam spread due to
the horizontal beam emittance is inevitable but the first
term can be suppressed very significantly. For simplic-
ity of further consideration we assume that the stochastic
angular spread σθ = 0, the second term in (2) is indepen-
dent and can be added later. In the proposed method, we
prepare beams with angular dispersion so that particles
come to the IP with the horizontal angle depending on
the energy: higher energy − larger angle, Fig. 3. We can
choose such a dispersion that when the left particle with
the energy E0 + dE and the angle θ = θc/2 + dθ collides
with the right one with the nominal(average) energy E0
and the angle θc/2 and they produce the same invariant
mass as in the case when they both have average energies
and angles, E0 and θc/2. From the Eq.1 we obtain
(E0 + dE)E0(1 + cos(θc + dθ)) = E
2
0(1 + cos θc). (3)
In the linear approximation this gives the required angu-
lar dispersion (same for both particles)
dθi =
1 + cos θc
sin θc
dEi
E0
. (4)
In what follows, the ”exact” dispersion relation (3) will
be called nonlinear and (4) as linear dispersion. Taking
the first differential of W 2 (Eq. 1) one can check that in
the case of the linear dispersion (4) the variation of the
invariant mass is zero:
d(W 2) = 2E2(dE1(1 + cos(θc))− E1 sin θcdθ1)+
+ 2E1(dE2(1 + cos(θc))− E2 sin θcdθ2) = 0. (5)
We see that this method allows to cancel the beam en-
ergy spread even for unequal beam energies. Further we
assume E1 = E2.
3IfW were the product of functions from the parameters
of the left and right particles, then the contribution of the
energy spread could be completely zeroed using the ”non-
linear” dispersion (3). However, in fact, W is not factor-
ized due to the term cos(θ1 + θ2), so some second-order
contribution from the energy spread remains. Below we
will find the second order contribution to σW both for
linear and nonlinear dispersion.
Since the first derivative of W is equal zero, we must
use the quadratic term of the Taylor series for several
variable:
dW = (1/2!)d2W (E1, E2, θ1, θ2), (6)
where W is given by (1) and
d2W =
(
dE1
∂
∂E1
+ dE2
∂
∂E2
+ dθ1
∂
∂θ1
+ dθ2
∂
∂θ2
)2
W. (7)
Then, in the resulting expression we replace dθ1 and dθ2
by dE1 and dE2 using (4). As a result, we get an ex-
pression in the form dW/W = a((dE1)
2 + (dE2)
2)) +
b(dE1dE2). In the case of ideal ”nonlinear” dispersion
(Eq. 3) a = 0 because in this case the contribution to dW
gives only unfactorized term cos(θ1+ θ2), which depends
on both beams, that is described by the term b(dE1dE2).
In the case of linear dispersion (Eq.4) both terms con-
tribute and besides fluctuations there is also some shift
of the mean invariant mass ∆W .
In the case of Gaussian energy distributions with r.m.s.
spread σE we have (dE)2 = σ
2
E , σ(dE)
2 =
√
2σ2E ,
dE1dE2 = 0, σ(dE1dE2) = σ
2
E , the spreads of masses
from two beams are added quadratically. In addition,
the fluctuations of the first and the second terms are in-
dependent and must be be summed quadratically.
Finally, for ideal ”nonlinear” dispersion (3) the mass
spread due to the beam energy spread(σW
W
)
E
=
σ2E
2E2
1 + cos θc
sin2 θc
,
∆W
W
= 0. (8)
For the linear dispersion (4)
(σW
W
)
E
=
σ2E
2E2
[(
1 +
1 + cos θc
sin2 θc
)2
+
(
1 + cos θc
sin2 θc
)2]1/2
,
(9)
∆W
W
=
σ2E
2E2
(
1 +
1 + cos θc
sin2 θc
)
. (10)
The tolal invariant mass width is the sum of the resid-
ual contribution of the energy spread ((8) or (9)) and the
second term of (2) due to the angular spread
(σW
W
)2
=
(σW
W
)2
E
+
1
2
sin2 θc
(1 + cos θc)2
σ2θ (11)
These formulas have been verified by direct simulation.
The dependence of the invariant mass spread on the col-
lision angle is shown in Fig. 4. It can be seen that the
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FIG. 4. Monochromaticity of collisions vs collision angle.
linear dispersion gives a result not much worse than in
the best case. Let us discuss some of the limitations of
this monochromatization method.
First, the required dispersion (4) is unacceptably large
at small collision angles. The large horizontal angular
spread at the IP requires very strong final quadrupoles
which are located in the places with high dispersion,
which leads to strong synchrotron radiation and, as a
consequence, to additional energy spread and deteriora-
tion of the horizontal emittance εx. For the energy spread
0.5 ·10−3 the r.m.s. angular spread due to the dispersion
for sin θc = 0.5 is σθ,d = 1.87 · 10−3 and 0.5 · 10−3 at
sin θ = 1. There are fewer problems with large angles,
but W decreases asW (θc)/W(0)= cos θc/2, that is 0.966
for sin θc = 0.5 and 0.707 for sin θc = 1. So, we take
sin θc = 0.5 as a reasonable benchmark for further esti-
mates.
From Fig. 3 we see that for an equal contribution of
the residual energy spread and horizontal angular spread
(only due to emittance) the latter should be about σθ <
10−5 for sin θc = 0.5. Horizontal angular spread at the IP
σθ =
√
εx/β∗x, where β
∗
x is the horizontal β-function at
the IP. The horizontal emittance at the 7(4) GeV KEK
Super-B factory is εx =4.8(3.3)·10−9 m. Specialized syn-
chrotron sources have and are planning εx < 10
−10 m at
energies E < 6 GeV. The maximum value of β∗x is limited
by the distance between the IP and final quad which is
about 1 m. So, σθ =
√
10−10/1 ∼ 10−5 can be thought
of as a possible ultimate target that gives the mass reso-
lution σW /W ≈ 2.5 · 10−6, which is about 150-200 times
smaller than that at e+e− storage rings.
Let us consider limitations. Below we consider the fol-
lowing effects:
• the increase of εx and σE/E due to radiation in the
final focus quads;
• the increase of εx and σE/E in the detector field ;
4• the increase of εx and σE/E in the part of the ring
where dispersion is created;
• the beam-beam attraction which influence the col-
lision angle.
The difference in the horizontal positions of particles
with energies E0 + dE and E0 is dx = DxdE/E, where
Dx is the horizontal dispersion function. Synchrotron
radiation in regions with Dx 6= 0 leads to an increase of
the emittance [17]:
∆εx = A
∫ H(s)
|ρ|3 ds, A =
55
48
√
3
r2eγ
5
α
. (12)
where α = e2/h¯c ≈ 1/137, re = e2/mc2 is the classical
electron radius, γ = E/mc2. The dispersion invariant
H(s) = βxD′2x + 2αxDxD′x + γxD2x, where βx, αx, γx are
optical functions (Twist parameters), αx = −βx/2, γx =
(1 + α2x)/βx.
Synchrotron radiation in quads and dispersion sections
(in addition to ring magnets) leads also to an increase of
the energy spread:
∆
(σE
E
)2
= A
∫
ds
|ρ|3 (13)
To understand the importance of these effects, let us
estimate the equilibrium energy spread and horizontal
emittance when they are caused only by these effects but
their damping is provided by synchrotron radiation in the
rings with damping times τE = 3R
2/2γ3cre, τx = 2τE .
For one IP they are
∆
(σE
E
)2
=
τEA
2Trev
∫
ds
|ρ|3 ≈ 10.8reγ
2R
∫
ds
|ρ|3 (14)
∆εx =
τxA
2Trev
∫ H(s)ds
|ρ|3 ≈ 21.6reγ
2R
∫ H(s)ds
|ρ|3 (15)
Let us estimate the radiation effects in the final quad
of length lq located at a distance F from the IP. The
particles enter to the quad from the IP at angles given
by Eq.4 and exit parallel to the axis, therefore
1
ρ
∼
1 + cos θc
lq sin θc
dE
E
and 〈
ds
|ρ|3
〉 ≈
1.7
l2q
(
1 + cos θc
sin θc
)3 (σE
E
)3
,
(16)
where the coefficient 1.7 is obtained numerically for F =
lq after averaging over energies (although these calcu-
lations are estimates, I keep the numerical coefficients
where possible).
Similarly for F = lq we obtain
H(s)ds
|ρ|3 ≈
4
βx
(
1 + cos θc
sin θc
)5 (σE
E
)3
, (17)
where βx is the horizontal β-function on the outside of
the quad. Substituting to Eqs.16,17 and multiplying by
2 to account for the quads from both sides of the IP
we obtain a reasonable estimate of the additional energy
spread and emittance due to radiation only in the final
quads
∆
(σE
E
)2
≈ 40reγ
2R
F 2
(
1 + cos θc
sin θc
)3 (σE
E
)3
∝ E
5
√
R
;
(18)
∆εx = 170
reγ
2R
βx
(
1 + cos θc
sin θc
)5 (σE
E
)3
∝ E
5
√
R
. (19)
For example: for E = 5 GeV, R = 500 m, sin θc = 0.5,
σE/E = 0.5 · 10−3, F = βx = 1 m we get ∆(σE/E)2 =
3.6 · 10−11, ∆εx = 2.1 · 10−9 m. Thus, influence on en-
ergy spread is negligible, the increase of the horizontal
emittance is two times less than the Super-B emittance.
For FCC-ee with R ≈ 15 km and E = 50 GeV the energy
spread will be still acceptable but the emittance will be 4
orders of magnitude greater than its design value 3·10−10
m. This means that this method of monochromatization
does not work at high energies (>∼ 5 GeV).
Let us now consider the influence of the magnetic
field of the detector solenoid. The dispersion in the
solenoid (created outside the detector for this method
of monochromatization) is proportional to the distance
from IP and at z = F is the same as in the last
quad. So, to evaluate the effects in the detector we can
compare the fields in the quad and the effective trans-
verse field of the solenoid Bs,⊥ = Bs sin (θc/2). The
field in the quads for particles with E = E0 can be
found from lq/ρ ≈ (σE/E)(1 + cos θc)/ sin θc that gives
Bq ∼ 0.06E[GeV]/lq[m] T. For E = 5 GeV and lq = 1
m Bq ∼ 0.03 T. The effective detector field for Bs = 1 T
and sin θc = 0.5 is Bs,⊥ ∼ 0.25 T, which is 8 times more
than that in the quads. That is a very serious problem,
because, as shown above, ∆εx due to radiation in quads
is already close to the acceptable limit for E = 5 GeV.
Possible solutions: a) compensate the field of the detector
solenoid on the axis with an antisolenoid (they are used
in any case in storage rings for removal of x, y coupling),
leaving only a short free space (∼ ±10 cm) for detecting
the produced particles, and at the same time reduce Bs.
In this approach, contributions of the solenoid and quads
will be comparable at Bs ∼ 0.5T , that is acceptable, in
principle, for this collider energy; b) to use a toroidal
magnetic field, as in the ATLAS muon detector, then the
field on the axis is zero. So, this is a serious problem, but
unlike the same problem in quads, it has solutions.
Let us estimate what distance is needed to create the
required dispersion Dx = 1.5F (1 + cos θc)/ sin θc at the
entrance to the final focus quads (the factor 1.5 is due to
difference of dispersions at the entrance and exit of the
quad for F = lq). In order for β
∗
x at the IP to be as large
as possible (about F ), the β0-function at the entrance
to the quad from the ring should also be about β0 ∼
F (because F 2 ≈ β∗xβ0). The length of the dispersion
5system is determined by the increase of emittance due to
radiation. We consider the scheme shown in Fig.5 with
explanatory notes.
FIG. 5. A scheme of the chromatic section used for estimates.
For these scheme
∫ H(s)ds/|ρ|3 ≈ 20(1.5Dx)5/L5β0,
where L = 1.5l is the total length. Substituting into
Eqs.16,17 and multiplying by 2 (systems on both sides of
the IP) we obtain an additional emittance due to radia-
tion in the dispersion sections (for β0 = F )
∆εx ∼ 6500reγ
2RF 4
L5
(
1 + cos θc
sin θc
)5
. (20)
For E = 5 GeV, R = 500 m, sin θc = 0.5 and F = 1 m
we get ∆εx ∼ 10−9 m at L = 230 m. It would be 2 times
shorter for F = 0.7 m and sin θc = 0.7.
Our considerations of radiation effects in final quads
and chromatic sections have shown that this monochrom-
atization method works well for energies of Υ mesons and
below. You can have angular spread σθx ∼
√
εx/β⋆x ∼√
10−9/0.7 ∼ 3.8 · 10−5 which corresponds to the mass
width σW /W ∼ 7 ·10−6, that is a factor of 70 better than
at the existing e+e− storage rings. As we noted, syn-
chrotron sources have (or plan) emittances of εx < 10
−10
m, so a factor of 100–150 looks realistic.
The high luminosity e+e− factories there are a large
number of particles in bunches, N ≈(5–10)1010. The
question arises: how does the collision angle changes due
to the attraction of the beams? Simple estimates show
that this effect can be problematic. However, a detail
examination unexpectedly shows that the beam attrac-
tion does not affect the invariant mass of colliding parti-
cles. Indeed, let us consider a relativistic particles with
the energy E which are attracted by an opposing rel-
ativistic beam which creates an electric field E and a
magnetic B ≈ E . During the passage ds the particle re-
ceives energy dE = eEds ≈ eBds and an additional angle
dθ = (eE cos θc + eB)ds/E = eB(1 + cos θc)ds/E. Sub-
stituting dE and dθ for this and similar opposite particle
in the expression (1) we get that dW = 0!
A few words about the possible loss of luminosity
due to monochromatization. The only difference from
the KEK Super-B factory is the larger crossing angle,
500 mrad instead of 90 mrad. The luminosity L ∝
N(Nf)/(σzσyθc). For the same beams, an increase of
the crossing angle by 6 times means a loss of luminosity
by the same amount. However, the collision effects be-
come weaker and you can partially compensate for the
loss by increasing N and decreasing σz . There are other
limitations here and, possibly, the resulting luminosity
will be lower, may be 2–3 times. We can agree with such
losses, since monochromatization significantly increases
the effective luminosity (∝ 1/σ2W when studying rare de-
cays with a large background).
In conclusion, the new method of monochromatization
of e+e− collisions is proposed which works at large cross-
ing angle (θc >∼ 0.5 rad) that allows high luminosities due
to reduced collision effects (as in the crab-waist collision
scheme). The contribution of the beam energy spread
to the invariant mass is compensated by introducing the
energy-angle correlation at the interaction point. This
method requires the energy dispersion in the quads, and
it is zero at the IP. The main problem of this method
is the increase of the horizontal emittance due to syn-
chrotron radiation in quads, which limits the maximum
energies to 2E0 ≈ 10 GeV. There are other problems
(such as the influence of the detector field) that do not
stop, but require non-standard solutions. The achiev-
able spread of the invariant mass is σW /W ∼ (3–5)10−6,
which is about 100 times better than at existing e+e−
storage rings. There are two main directions in high en-
ergy physics: higher energies or relatively low energies
with very high luminosity (factories). Monochromatiza-
tion is a very natural next step in the development of
the second direction. It can increase the effective lumi-
nosity 10000 times in studying rare decays or looking for
narrow state with small Γe+e− . The full potential of this
method can be realized at very narrow Υ (nS) resonances,
and there are many other interesting problems at lower
energies. This articles is just an idea and a first look at
possible problems, the next step towards realistic project
requires the efforts of accelerator designers.
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